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Abstract
In this paper, we prove the Poincare´ inequality and the integration by parts formula for the invariant
measure of the linear SPDE driven by Le´vy Noise. The equation was researched in Dong and Xie [5],
which has proved the existence and uniqueness of the weak solution and the ergodicity of the Markov
semigroup associated with the solution.
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1. Introduction
The article is concerned with a linear PDE with a random perturbation of Le´vy noise. The
aim is to prove the Poincare´ inequality and the integration by parts formula for the invariant
measure with the solution of the equation. The equation was researched in [5]. We have proved
the existence and uniqueness of the weak solution and the ergodicity of the Markov semigroup
associated with the solution. We mainly use the method as [3] to prove our results in this paper.
Let H be a Hilbert space with the scalar product 〈·, ·〉 and the norm | · |. Let the self-adjoint
operator A : D(A) ⊂ H → H be the infinitesimal generator of strongly continuous semigroup
e−t A and it satisfies
〈Ax, x〉 ≥ λ|x |2, x ∈ H (1.1)
for some λ > 0.
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For any δ > 0, we can introduce the fractional power Aδ of A defined by
Aδ = 1
Γ (δ)
∫ ∞
0
tδ−1e−t Adt,
where Γ (·) is the Euler function. We have Range (e−t A) ⊂ D(A) for t > 0.
Set V = D(A1/2). Let V∗ be the dual space of V and identify H with its dual H∗, then one
has the Gelfand triple V ⊂ H ⊂ V∗. In this article, we suppose
The injection from V to H is compact.
Let (Ω ,F ,P) be a complete probability space equipped with the filtration {Ft , t ≥ 0},
N (ds, du) be the Poisson measure with σ -finite characteristic measure λ(du) on measurable set
U . N˜ (ds, du) = N (ds, du)− λ(du)ds is martingale measure. W is a cylindrical Wiener process
defined on (Ω ,F ,Ft ,P). Suppose that W and N (dt, du) are independent. We will consider the
following stochastic partial differential equation with jumpsdX t + AX tdt =
∫
U
f (X t−, u)N˜ (dt, du)+ BdWt , t > 0,
X0 = x,
(1.2)
where B is a continuous bounded linear operator on H.
In the past years, the SPDEs with white noise perturbation were an active research field, which
accumulated a lot of works, e.g. [3,4,9–11] and references therein. In the recent years there were a
number of very interesting results on SPDEs driven by Le´vy noise, e.g. [1,2,6,5,7] and references
therein. For the integration by parts formula, Da Prato researched this problem with respect to
the invariant measure for SPDE driven by Wiener Noise in [3], Hariya proved this formula for
Wiener measures restricted to subsets in Rd in [8]. We shall study this problem for SPDE driven
by Le´vy Noise.
The paper consists of three sections. In Section 1, we give some definitions, hypotheses and
results which were proved in [5]. In Section 2, we research the transition semigroup in L p(H, µ),
whereµ is the unique invariant measure of the solution of (1.2). We obtain the integration by parts
formula with µ in Section 3. Finally, the Poincare´ inequality is proved.
Definition 1.1. An H-valued ca`dla`g process X is called the weak solution of (1.2), if for T ≥ 0,
X ∈ L∞(0, T ;H) and for ξ ∈ D(A),
〈X t , ξ〉 = 〈x, ξ〉 −
∫ t
0
〈Xs, Aξ〉ds +
∫ t
0
∫
U
〈 f (Xs−, u), ξ〉N˜ (ds, du)+ 〈ξ, BWt 〉,
P-a.s.
Now, we introduce some hypotheses for the function f , which are needed in the following.
Let Uk be a measurable subset of U with Uk ↑ U and λ(Uk) <∞.
Suppose that the measurable function f (·, ·) : H × U 7→ H satisfies for some positive
constants C, K
(H1)
∫
U | f (0, u)|2λ(du) = C <∞.
(H2)
∫
U | f (x, u)− f (y, u)|2λ(du) ≤ K |x − y|2, ∀x, y ∈ H.
(H3) sup|y|≤k
∫
U cm
| f (y, u)|2du → 0 as m →∞, for any fixed k > 0.
(H4) There exists  ∈ (0, 1) such that Range
(
A− 2
)
⊂ Range(B).
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In [5], we have proved the following results:
Theorem 1.1. Under the conditions (H1)–(H3), for initial value x ∈ H, the Eq. (1.2) has a
unique global weak solution X ∈ L∞(0, T ;H) ∩ L1(0, T ;V) for any T > 0.
Theorem 1.2. Suppose that the conditions (H1)–(H4) hold, the function f (x, z) is differentiable
with respect to x, then the Markov semigroup associated with the solution X of (1.2) has strong
Feller property and irreducibility.
Remark 1.1. Theorem 1.2 shows that there exists a unique invariant measure denoted by µ for
the transition semigroup (Pt )t≥0 associated with the solution process X of (1.2).
2. The transition semigroup in L p(H, µ)
In this section, we shall give some energy inequalities, which can be proved by using the
Galerkin approximation. Since the method in infinite dimension is the same as the case in finite
dimension, we prove them in infinite dimension case directly.
Proposition 2.1. Suppose that the conditions (H1)–(H4) hold, the function f (x, z) is
differentiable with respect to x. Then for any p > 1, (Pt )t≥0 has a unique extension to a strongly
continuous semigroup of contractions in L p(H, µ) (which is still denoted by (Pt )t≥0).
Proof. For ϕ ∈ Cb(H), we have
|Ptϕ(x)|p ≤
∫
H
|ϕ(y)|pPt (x, dy) = Pt (|ϕ(x)|p), t > 0, x ∈ H.
Integrating this inequality with respect to µ over H, and taking into account the invariance of µ
yield ∫
H
|Ptϕ(x)|pµ(dx) ≤
∫
H
Pt (|ϕ(x)|p)µ(dx) =
∫
H
|ϕ(x)|pµ(dx).
Since Cb(H) is dense in L p(H, µ), (Pt )t≥0 is uniquely extendible to a contraction semigroup in
L p(H, µ).
For 0 ≤ s < t <∞,
‖(Pt − Ps)ϕ‖L p(H,µ) ≤ ‖(Pt−s − I )ϕ‖L p(H,µ)
and the dominated convergence theorem imply the strong continuity of (Pt )t≥0. 
For any p ≥ 1, we shall use Lp to denote the infinitesimal generator of Pt in L p(H, µ) and
D(Lp) to denote its domain. The definition of the infinitesimal generator yields
ϕh(x) =ˆ ei〈h,x〉 ∈ D(Lp)⇔ h ∈ D(A).
Hence, for h ∈ D(A) and x ∈ H,
Lpϕh(x) =
(
−1
2
〈Qh, h〉 − i〈Ah, x〉
)
ϕh(x)
+ϕh(x)
∫
U
[
ei〈h, f (x,u)〉 − 1− i〈h, f (x, u)〉
]
λ(du)
Y. Xie / Stochastic Processes and their Applications 120 (2010) 1950–1965 1953
= 1
2
Tr [QD2ϕh(x)] − 〈Ax, Dϕh(x)〉
+
∫
U
[ϕh(x + f (x, u))− ϕh(x)− 〈Dϕh(x), f (x, u)〉] λ(du), (2.1)
where Q = BB∗. Put
EA(H) =ˆ linear space {ϕh(x) : h ∈ D(A)} .
It is easy to see that EA(H) is stable for Pt and it is dense in L p(H, µ) for all p ≥ 1.
We shall prove thatL2 is the closure of the Kolmogorov operatorL0 defined by
L0ϕ(x) = 12 Tr
[
QD2ϕ(x)
]
− 〈Ax, Dϕ(x)〉
+
∫
U
[ϕ(x + f (x, u))− ϕ(x)− 〈Dϕ(x), f (x, u)〉] λ(du)
for x ∈ H and ϕ ∈ E A(H).
For the follow proof, we need the hypothesis (H5) below:
(H5) Suppose that the function f (x, u) is second order differentiable with respect to the first
variable x and
C f =ˆ max
{
sup
x∈H
∫
U
|Df (x, u)|4λ(du), sup
x∈H
∫
U
|D2 f (x, u)|2λ(du)
}
<∞, (2.2)
where Df (x, u) = Dx f (x, u).
Let S be any Banach space and ϕ : D(A)→ S. For any x, h ∈ H, we set
Dϕ(x) · h = lim
t→0
1
t
(ϕ(x + th)− ϕ(x)) ,
provided the limit exists. Successive derivatives are defined in a natural way.
For ϕ ∈ C1(H) we have
DEϕ(X t (x)) · h = E
[
Dϕ(X t (x)) · ηht (x)
]
,
where ηht (x) = DX t (x) · h is the solution of the equation:dηht (x) = −Aηht (x)dt +
∫
U
Df (X t−(x), u) · ηht−(x)N˜ (dt, du),
ηh0 (x) = h(x).
(2.3)
Multiply scalarly the Eq. (2.3) by ηht (x), we have
|ηht (x)|2 + 2
∫ T
0
‖ηhs (x)‖2ds
= |h|2 + 2
∫ t
0
∫
U
〈
Df (Xs−(x), u) · ηhs−(x), ηhs−(x)
〉
N˜ (dt, du)
+
∫ T
0
∫
U
∣∣∣Df (Xs(x), u) · ηhs (x)∣∣∣2 N (dt, du). (2.4)
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The Davis inequality and the Young inequality imply, for every T > 0,
E sup
t≤T
|ηht (x)|2 + 2E
∫ T
0
‖ηhs (x)‖2ds
≤ |h|2 + 2E sup
t≤T
∣∣∣∣∫ t
0
∫
U
〈
Df (Xs−(x), u) · ηhs−(x), ηhs−(x)
〉
N˜ (dt, du)
∣∣∣∣
+E
∫ T
0
∫
U
∣∣∣Df (Xs(x), u) · ηhs (x)∣∣∣2 λ(du)ds
≤ |h|2 + 2√6E
[∫ T
0
∫
U
∣∣∣Df (Xs(x), u) · ηhs (x)∣∣∣2 |ηhs (x)|2λ(du)ds]1/2
+E
∫ T
0
∫
U
∣∣∣Df (Xs(x), u) · ηhs (x)∣∣∣2 λ(du)ds
≤ |h|2 + εE sup
t≤T
|ηht (x)|2 +
(6+ ε)K
ε
E
∫ T
0
|ηhs (x)|2ds,
since supx∈H
∫
U |Df (x, z)|2λ(dz) ≤ K by (H2), where ε ∈ (0, 1). Hence, we have
(1− ε)E sup
t≤T
|ηht (x)|2 + E
∫ T
0
‖ηhs (x)‖2ds ≤ |h|2 +
(6+ ε)K
ε
E
∫ T
0
|ηhs (x)|2ds.
The Gronwall inequality implies
(1− ε)E sup
t≤T
|ηht (x)|2 + E
∫ T
0
‖ηhs (x)‖2ds
≤ |h|2 exp
{
(6+ ε)K
ε
T
}
≤ |h|2 exp
{
7K
ε
T
}
.
This yields
(1− ε)E sup
t≤T
|DX t (x)|2 ≤ exp
{
7K
ε
T
}
. (2.5)
The Itoˆ formula and (2.4) give
|ηht (x)|4 ≤ |h|4 + 4
∫ t
0
∫
U
|ηhs−(x)|2
〈
Df (Xs−(x), u) · ηhs−(x), ηhs−(x)
〉
N˜ (dt, du)
+ 2
∫ T
0
∫
U
|ηhs−(x)|2
∣∣∣Df (Xs−(x), u) · ηhs−(x)∣∣∣2 N (dt, du)
+ 2
∫ T
0
∫
U
〈ηhs−(x), Df (Xs−(x), u) · ηhs−〉2N (dt, du)
+ 2
∫ T
0
∫
U
∣∣∣Df (Xs−(x), u) · ηhs−(x)∣∣∣4 N (dt, du).
This shows
E|ηht (x)|4 ≤ |h|4 + 2E
∫ T
0
∫
U
|ηhs (x)|2
∣∣∣Df (Xs(x), u) · ηhs (x)∣∣∣2 λ(du)ds
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+ 2E
∫ T
0
∫
U
〈ηhs (x), Df (Xs(x), u) · ηhs 〉2λ(du)ds
+ 2E
∫ T
0
∫
U
∣∣∣Df (Xs(x), u) · ηhs (x)∣∣∣4 λ(du)ds
≤ |h|4 + 6C f
∫ T
0
E|ηhs (x)|4ds.
By the Gronwall inequality we have
E|ηht (x)|4 ≤ |h|4 exp{6C f T }. (2.6)
For h, k ∈ H, we can prove that the equation
dζ h,kt (x)+ Aζ h,kt (x)dt =
∫
U
Df (X t−, u)ζ h,kt (x)N˜ (dt, du)
+
∫
U
D2 f (X t−, u)
(
ηht−(x), ηkt−(x)
)
N˜ (dt, du), t > 0,
ζ
h,k
0 (x) = 0
has a unique weak solution, where ζ h,kt (x) = D2X t (x)(h, k). In fact, the Itoˆ formula yields∣∣∣ζ h,kt (x)∣∣∣2 + 2 ∫ t
0
∥∥∥ζ h,ks (x)∥∥∥2 ds ≤ ∫ t
0
∫
U
〈
Df (Xs−, u)ζ h,ks− (x), ζ
h,k
s− (x)
〉
N˜ (ds, du)
+
∫ t
0
∫
U
〈
D2 f (Xs−, u)
(
ηhs−(x), ηks−(x)
)
, ζ
h,k
s− (x)
〉
N˜ (dt, du)
+ 2
∫ t
0
∫
U
[
|Df (Xs−, u)|2
∣∣∣ζ h,ks− (x)∣∣∣2
+
∣∣∣D2 f (Xs−, u)∣∣∣2 ∣∣∣ηhs−(x)∣∣∣2 ∣∣∣ηks−(x)∣∣∣2] N (dt, du).
This and (2.6) show
E
∣∣∣ζ h,kt (x)∣∣∣2 + 2E ∫ t
0
∥∥∥ζ h,ks (x)∥∥∥2 ds
≤ 2E
∫ t
0
∫
U
[
|Df (Xs, u)|2
∣∣∣ζ h,ks (x)∣∣∣2 + ∣∣∣D2 f (Xs, u)∣∣∣2 ∣∣∣ηhs (x)∣∣∣2 ∣∣∣ηks (x)∣∣∣2] λ(du)ds
≤ 2C f E
∫ t
0
[∣∣∣ζ h,ks (x)∣∣∣2 + ∣∣∣ηhs (x)∣∣∣2 ∣∣∣ηks (x)∣∣∣2] ds
≤ 2C f E
∫ t
0
∣∣∣ζ h,k
τ hm∧s(x)
∣∣∣2 ds + 2C f |h|2|k|2 exp {6C f t} .
Hence, we have the inequality
E
∣∣∣ζ h,kt (x)∣∣∣2 ≤ 2C f |h|2|k|2 exp {6C f t} exp {2C f t} = 2C f |h|2|k|2 exp {8C f t} .
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This gives
E
∣∣∣D2X t (x)∣∣∣2 ≤ 2C f exp {8C f t} . (2.7)
Theorem 2.1. Suppose that the conditions (H1)–(H5) hold and K < λ. ThenL0 is closable and
L2 is the closure of L0 in L2(H, µ).
Proof. Let X be the global weak solution of (1.2). The Itoˆ formula implies
|X t (x)|2 + 2
∫ t
0
‖Xs(x)‖2 ds
≤ |x |2 + 2
∫ t
0
∫
U
〈Xs−(x), f (Xs−(x), u)〉 N˜ (ds, du)+ 2t Tr Q
+ 2
∫ t
0
〈Xs(x), dW (s)〉 +
∫ t
0
∫
U
| f (Xs−(x), u)|2N (ds, du).
This yields
E|X t (x)|2 ≤ |x |2 − 2
∫ t
0
E ‖Xs(x)‖2 ds + 2t Tr Q +
∫ t
0
∫
U
E | f (Xs−(x), u)|2 λ(du)ds
≤ |x |2 − 2λ
∫ t
0
E|Xs(x)|2ds + 2t Tr Q + 2
∫ t
0
E[K |Xs(x)|2 + C]ds
≤
(
|x |2 + 2t Tr Q + 2Ct
)
+ 2(K − λ)
∫ t
0
E|Xs(x)|2ds.
This gives
E|X t (x)|2 − 2(K − λ)
∫ t
0
E|Xs(x)|2ds ≤ |x |2 + 2 (Tr Q + C) t,
that is,
1
t
∫ t
0
E|Xs(x)|2ds ≤ |x |
2
2(λ− K )t +
Tr Q + C
λ− K .
Hence, for any θ > 0,
1
t
∫ t
0
E
|Xs(x)|2
1+ θ |Xs(x)|2 ds ≤
1
t
∫ t
0
E|Xs(x)|2ds ≤ |x |
2
2(λ− K )t +
Tr Q + C
λ− K .
Let t →∞, the ergodicity of the solution X implies∫
H
|y|2
1+ θ |y|2µ(dy) ≤
Tr Q + C
λ− K .
Put θ → 0, by the Fatou lemma we have∫
H
|y|2µ(dy) ≤ Tr Q + C
λ− K . (2.8)
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For h ∈ D(A) and x ∈ H, there is some constant α > 0 such that
|L0ϕh(x)| ≤ 12 |〈Qh, h〉| + |Ah||x | +
∣∣∣∣∫
U
[
ei〈h, f (x,u)〉 − 1− i〈h, f (x, u)〉
]
λ(du)
∣∣∣∣
≤ 1
2
|〈Qh, h〉| + |Ah||x | + 2α|h|2
∫
U
| f (x, u)− f (0, u)|2 λ(du)
+ 2α|h|2
∫
U
| f (0, u)|2 λ(du)
≤ 1
2
|〈Qh, h〉| + |Ah||x | + 2α|h|2K |x |2 + 2α|h|2C. (2.9)
For any ϕ ∈ E A(H), (2.1) yields that
L2ϕ(x) = lim
t→0
Ptϕ(x)− ϕ(x)
t
= L0ϕ(x), ∀x ∈ H.
Since ∫
H
|L2ϕ(x)−L0ϕ(x)|2 µ(dx) ≤ 2
∫
H
∣∣∣∣L2ϕ(x)− 1t [Ptϕ(x)− ϕ(x)]
∣∣∣∣2 µ(dx)
+ 2
∫
H
∣∣∣∣L0ϕ(x)− 1t [Ptϕ(x)− ϕ(x)]
∣∣∣∣2 µ(dx),
let t → 0, (2.1), (2.8), (2.9) and the dominated convergence theorem imply that∫
H
|L2ϕ(x)−L0ϕ(x)|2 µ(dx) = 0.
Therefore,L2 extendsL0. By the Phillips–Lumer theorem we have thatL2 is dissipative, so is
L0. Hence, L0 is closable. Let us use L 0 denote its closure. In the following, we shall prove
thatL2 = L 0.
For γ > 0, ψ ∈ E A(H), put
ϕ(x) =
∫ ∞
0
e−γ t Ptψ(x)dt, x ∈ H,
we are going to show that ϕ belongs to the range of γ −L 0.
(a) Suppose that the function f (x, u) is third order differentiable with respect to the first
variable x and satisfies (H5). By (2.5) and (2.7), there exists a constant C0 > 0 such that, for
γ >
( 7K
ε
) ∨ (8C f ) and x ∈ H,
|Dϕ(x)| =
∣∣∣∣∫ ∞
0
e−γ tE[(DX t (x))∗Dψ(X t (x))]dt
∣∣∣∣
≤
∫ ∞
0
e−γ t
(
E|(DX t (x))|2
) 1
2
(
E|Dψ(X t (x))|2
) 1
2
dt
≤ C0
∫ ∞
0
e
(
7K
ε
−γ
)
t
dt = εC0
γ ε − 7K <∞, (2.10)
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|D2ϕ(x)| ≤
∫ ∞
0
e−γ t
[
E
∣∣∣〈D2ψ(X t (x)), (DX t (x))⊗2〉∣∣∣
+ E
∣∣∣D2X t (x)Dψ(X t (x))∣∣∣] dt
≤ C0
∫ ∞
0
e−γ t
[
E|DX t (x)|2 + E
∣∣∣D2X t (x)∣∣∣] dt
≤ C0
∫ ∞
0
e−γ t
[
1
1− ε e
7K
ε
t + 2C f e8C f t
]
dt
= C0
(
ε
(1− ε)(γ ε − 7K ) +
2C f
γ − 8C f
)
<∞. (2.11)
(2.10) and (2.11) show ϕ ∈ C2b(H) for γ >
( 7K
ε
) ∨ (8C f ).
The Itoˆ formula yields
ψ(X t (x)) = ψ(x)+
∫ t
0
L0ψ(Xs(x))ds + Mt ,
where M is a martingale, we have
ϕ(x) = 1
γ
ψ(x)+ 1
γ
∫ ∞
0
e−γ t PtL0ψ(X t (x))dt
= 1
γ
ψ(x)+ 1
γ
L0
∫ ∞
0
e−γ t Ptψ(X t (x))dt
= 1
γ
ψ(x)+ 1
γ
L0ϕ(x),
that is,L0ϕ = γ ϕ − ψ . This shows
Lϕ = γ ϕ − ψ −
〈
Dϕ,
∫
U
[ϕ(·,+ f (·, u))− ϕ(·)− 〈Dϕ, f (·, u)〉]λ(du)
〉
, (2.12)
where L is the infinitesimal generator of the semigroup defined by Rtϕ(x) = E(ϕ(Z t (x))) and
Z t (x) = e−t Ax +
∫ t
0
e(t−s)ABdWs .
From the above proof, we have that ϕ satisfies the conditions of Proposition 2.68 of [3]. Hence,
there exists a three-index sequence {ϕkmn, k,m, n ≥ 1}⊂ E A(H) such that, for any x ∈ H,
lim
k→∞ limm→∞ limn→∞ϕkmn = ϕ,
lim
k→∞ limm→∞ limn→∞ Dϕkmn = Dϕ
and
lim
k→∞ limm→∞ limn→∞ Lϕkmn = Lϕ.
By the dominated convergence theorem and (2.12) we have
lim
k→∞ limm→∞ limn→∞L0ϕkmn = L 0ϕ
= Lϕ +
〈
Dϕ,
∫
U
[ϕ(·,+ f (·, u))− ϕ(·)− 〈Dϕ, f (·, u)〉]λ(du)
〉
= γ ϕ − ψ,
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that is,
γ ϕ −L 0ϕ = ψ.
(b) Suppose that S : D(S) ⊂ H → H is a given self-adjoint negative definite operator such
that S−1 is of trace class, I is the identity operator on H and the measure NQ is defined on the
product space R∞ as follows:
NS(dx) =
∞∏
k=1
N0,αk , Sek = αkek, Tr S =
∞∑
k=1
αk <∞,
that is, if H is n-dimensional, we have
NS(dx) = (2pi)− n2 (det S)− 12 exp
{
−1
2
〈S−1x, x〉
}
dx .
Let us introduce a regularization of f (x, u) with respect to the variable x :
〈 fβ(x, u), z〉 =
∫
H
〈 f (eβSx + y, u), eβSz〉N 1
2 S
−1(e2βS−I )(dy), β > 0,
then fβ(x, u) is Lipschitz continuous of class C∞ with respect to the first variable x and∫
U
|Dk fβ(x, u)|2λ(du) <∞, ∀k ≥ 1
by the conditions (H1), (H2) and (H5).
For the equation
γ ϕβ − Lϕβ −
〈
Dϕβ ,
∫
U
[ϕβ(· + fβ(·, u))− ϕβ(·)− 〈Dϕβ , fβ(·, u)〉]λ(du)
〉
= ψ,
the step (a) yields that ϕβ ∈ D(L 0) and
γ ϕβ −L 0ϕβ = ψ +
〈
Dϕβ ,
∫
U
[ϕβ(· + fβ(·, u))− ϕβ(·)− 〈Dϕβ , fβ(·, u)〉]λ(du)
−
∫
U
[ϕβ(· + f (·, u))− ϕβ(·)− 〈Dϕβ , f (·, u)〉]λ(du)
〉
. (2.13)
Since the condition (H2) implies∣∣∣∣∫
U
[ϕ(· + f (·, u))− ϕ(·)− 〈Dϕ, f (·, u)〉]λ(du)
∣∣∣∣
≤ C1
∫
U
|D2ϕ(ξ f )|| f (·, u)|2λ(du) ≤ C1
∫
U
| f (·, u)|2λ(du) <∞, (2.14)
the conditions (H2) and (H5) yield∣∣∣∣∫
U
[ϕβ(· + fβ(·, u))− ϕβ(·)− 〈Dϕβ , fβ(·, u)〉]λ(du)
∣∣∣∣
≤ C1
∫
U
|D2ϕβ(δ · +(1− δ) fβ(·, u))|| fβ(·, u)|2λ(du)
≤ C1
∫
U
| f (·, u)|2λ(du) <∞ (2.15)
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for some constant C1 > 0, where δ ∈ (0, 1).
lim
β→0
∫
U
fβ(x, u)λ(du) =
∫
U
f (x, u)λ(du), x ∈ H,
(2.5), (2.14), (2.15) and the dominated convergence theorem imply that, in L2(H, µ),
lim
β→0
[〈
Dϕβ ,
∫
U
[ϕβ(· + fβ(·, u))− ϕβ(·)− 〈Dϕβ , fβ(·, u)〉]λ(du)
−
∫
U
[ϕβ(· + f (·, u))− ϕβ(·)− 〈Dϕβ , f (·, u)〉]λ(du)
〉]
= 0. (2.16)
From (2.13) and (2.15) we have that the closure of the range ofL 0 includes EA, so that it is dense
in L2(H, µ), and by the Lumer–Phillips theorem (Theorem 3.20 in [3]), L 0 is m-dissipative.
Since L2 is the infinitesimal generator of strongly continuous semigroup of contractions, we
know that it is m-dissipative. Again,L2 extendsL0, hence,L2 must coincide withL 0. 
3. The integration by parts formula
Theorem 3.1. The operator Q
1
2 D : E A(H) ⊂ L2(H, µ)→ L2(H, µ;H) is uniquely extendible
to a bounded operator denoted by DQ from L2(H, µ) into L2(H, µ;H). Moreover, the following
identity holds:∫
H
ϕ(x)L2ϕ(x)µ(dx) = −12
∫
H
|DQϕ(x)|2µ(dx)
+ 1
2
∫
H
∫
U
[ϕ(x + f (x, u))− ϕ(x)]2λ(du)µ(dx). (3.1)
Proof. Let ϕ ∈ E A(H). By a straightforward computation, we have
L2ϕ
2(x) = 2ϕ(x)L2ϕ(x)+
∣∣∣Q 12 Dϕ(x)∣∣∣2 − ∫
U
[ϕ(x + f (x, u))− ϕ(x)]2λ(du).
Integrating this identity over H with respect to µ and taking into account that∫
H
L2ϕ
2(x)µ(dx) = 0
by the invariance of µ, yield that∫
H
ϕ(x)L2ϕ(x)µ(dx) = −12
∫
H
|DQϕ(x)|2µ(dx)
+ 1
2
∫
H
∫
U
[ϕ(x + f (x, u))− ϕ(x)]2λ(du)µ(dx) (3.2)
for ϕ ∈ E A(H).
Now, let ϕ ∈ D(L2). Since EA(H) is a core forL2, there exists a sequence {ϕn}n≥1⊂ E A(H)
such that
ϕn → ϕ, L2ϕn → L2ϕ in L2(H, µ).
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Hence, by (3.2) it follows that∫
H
|DQ(ϕn(x)− ϕm(x)) |2 µ(dx)
+
∫
H
∫
U
[(ϕn(x + f (x, u))− ϕn(x))− (ϕm(x + f (x, u))− ϕm(x))]2λ(du)µ(dx)
≤ 2
∫
H
|ϕn(x)− ϕm(x)||L2(ϕn(x)− ϕm(x))|µ(dx)
≤
∫
H
|ϕn(x)− ϕm(x)|2µ(dx)+
∫
H
|L2(ϕn(x)− ϕm(x))|2µ(dx).
This yields that {DQϕn}n≥1 and {ϕn(x + f (x, u)) − ϕn(x)}n≥1 are Cauchy sequences in
L2(H, µ;H) and L2(H×U, λ× µ;H), respectively. Hence, the conclusion follows. 
Theorem 3.2. For any ϕ ∈ L2(H, µ), the following identities hold:∫
H
ϕ2(x)µ(dx) =
∫
H
(Ptϕ(x))
2µ(dx)+
∫ t
0
∫
H
|Q 12 DPsϕ(x)|2µ(dx)ds
−
∫ t
0
∫
H
∫
U
{Ps[ϕ(x + f (x, u))− ϕ(x)]}2λ(du)µ(dx)ds (3.3)
and ∫
H
|ϕ(x)− ϕ¯|2µ(dx) =
∫ ∞
0
∫
H
|Q 12 DPsϕ(x)|2µ(dx)ds
−
∫ ∞
0
∫
H
∫
U
{Ps[ϕ(x + f (x, u))− ϕ(x)]}2λ(du)µ(dx)ds, (3.4)
where ϕ¯ = ∫H ϕ(x)µ(dx).
Proof. For ϕ ∈ D(L2), the Hille–Yosida theorem yields that Pt ∈ D(L2) for all t ≥ 0 and
d
dt
Ptϕ = L2Ptϕ.
Multiplying both sides of this identity by Ptϕ and integrating with respect to x over H, (3.1)
implies
d
dt
∫
H
[Ptϕ(x)]2µ(dx)
= −
∫
H
∣∣∣Q 12 DPtϕ(x)∣∣∣2 µ(dx)+ ∫
H
∫
U
[Ptϕ(x + f (x, u))− Ptϕ(x)]2λ(du)µ(dx).
Integrating with respect to t yields (3.3). Let t →+∞. We have∫
H
ϕ2(x)µ(dx) = lim
t→∞
∫
H
(Ptϕ(x))
2µ(dx)+
∫ ∞
0
∫
H
|Q 12 DPsϕ(x)|2µ(dx)ds
−
∫ ∞
0
∫
H
∫
U
{Ps[ϕ(x + f (x, u))− ϕ(x)]}2λ(du)µ(dx)ds.
On the other hand, by the invariance of µ we have
lim
t→∞
∫
H
(Ptϕ(x))
2µ(dx) =
∫
H
(∫
H
ϕ(x)µ(dx)
)2
µ(dy) = (ϕ¯)2.
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Hence, the conclusion follows. 
Lemma 3.1. Let {ϕn}n≥1⊂ E A(H) and G ∈ L2(H, µ,H) be such that
lim
n→∞
∫
H
|Dϕn(x)− G(x)|2 µ(dx) = 0.
Then, for any t ≥ 0 we have
lim
n→∞
∫
H
∣∣DPtϕ(x)− E [(DX t (x))∗ G(X t (x))]∣∣2 µ(dx) = 0.
In particular, if Dϕn → 0 in L2(H, µ,H), we have DPtϕn → 0 in L2(H, µ,H) for all t ≥ 0.
Proof. Since, for t ≥ 0 and x ∈ H,
DPtϕn(x) = E
[
(DX t (x))
∗ Dϕn(X t (x))
]
,
taking into account the invariance of µ, by (2.5), we have∫
H
∣∣DPtϕn(x)− E [(DX t (x))∗ G(X t (x))]∣∣2 µ(dx)
=
∫
H
∣∣E [(DX t (x))∗ (Dϕn(X t (x))− G(X t (x)))]∣∣2 µ(dx)
≤
∫
H
E |DX t (x)|2 E|Dϕn(X t (x))− G(X t (x))|2µ(dx)
≤ 1
1− ε exp
{
7Kt
ε
}∫
H
E|Dϕn(X t (x))− G(X t (x))|2µ(dx)
= 1
1− ε exp
{
7Kt
ε
}∫
H
Pt |Dϕn(x)− G(x)|2µ(dx)
= 1
1− ε exp
{
7Kt
ε
}∫
H
|Dϕn(x)− G(x)|2µ(dx).
The conclusion of the lemma follows. 
Theorem 3.3. Suppose that the conditions (H1)–(H5) hold. Then the operator Q
1
2 D is closable.
Moreover, if ϕ belongs to the domain DQ of the closure of Q
1
2 D and DQϕ = 0, we have
DQPtϕ = 0 for all t > 0.
Proof. The last statement follows from Lemma 3.1. We only prove that the operator Q
1
2 D is
closable.
Let {ϕn}n≥1⊂ E A(H) and G ∈ L2(H, µ,H) be such that∫
H
|ϕn(x)|2µ(dx)→ 0 and
∫
H
|Dϕn(x)− G(x)|2µ(dx)→ 0.
By (3.3) and the Fubini theorem we have∫
H
ϕ2n(x)µ(dx) =
∫
H
(Ptϕn(x))
2µ(dx)+
∫ t
0
∫
H
∣∣∣Q 12 DPsϕn(x)∣∣∣2 µ(dx)ds
−
∫ t
0
∫
H
∫
U
{Ps[ϕn(x + f (x, u))− ϕn(x)]}2λ(du)µ(dx)ds
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=
∫
H
(Ptϕn(x))
2µ(dx)+
∫ t
0
∫
H
∣∣∣Q 12 DPsϕn(x)∣∣∣2 µ(dx)ds
−
∫ t
0
∫
U
∫
H
{Ps[ϕn(x + f (x, u))− ϕn(x)]}2µ(dx)λ(du)ds.
Putting n→∞ implies
lim
n→∞
∫ t
0
∫
H
∣∣∣Q 12 DPsϕn(x)∣∣∣2 µ(dx)ds = 0.
Since Q
1
2 is a bounded operator, the dominated convergence theorem yields∫ t
0
∫
H
∣∣∣Q 12E [(Dx Xs(x))∗ G(Xs(x))]∣∣∣2 µ(dx)ds = 0.
This means that, for all t > 0,
Q
1
2E
[
(Dx X t (x))
∗ G(X t (x))
] = 0, µ× dt-a.s.
By the condition (H4) we have that Q is invertible, which shows that, for all t > 0,
E
[
(Dx X t (x))
∗ G(X t (x))
] = 0, µ× dt-a.s. (3.5)
Hence, for any fixed h ∈ H, (3.5) implies
|E〈G(X t (x)), h〉| ≤ |E〈G(X t (x)), Dx X t (x) · h〉| + |E〈G(X t (x)), h − Dx X t (x) · h〉|
= ∣∣E〈(Dx X t (x))∗G(X t (x)), h〉∣∣+ |E〈G(X t (x)), h − Dx X t (x) · h〉|
= |E〈G(X t (x)), h − Dx X t (x) · h〉| .
Taking into account the invariance of µ and (3.5), we get∫
H
|Pt 〈G(x), h〉|µ(dx) =
∫
H
|E〈G(X t (x)), h〉|µ(dx)
=
∫
H
|E〈G(X t (x)), h − Dx X t (x) · h〉|µ(dx)
≤
(∫
H
E|G(X t (x))|2µ(dx)
)1/2 (∫
H
E|h − Dx X t (x) · h|2µ(dx)
)1/2
.
By the strong continuity of Pt in L1(H, µ), letting t → 0 we have∫
H
|〈G(x), h〉|µ(dx) = 0.
The arbitrariness of h yields that G = 0 as required. 
Theorem 3.3 shows that the mapping
Q
1
2 D : E A(H) ⊂ L2(H, µ)→ L2(H, µ,H), ϕ 7→ Q 12 Dϕ
is closable. We denote the closure by DQ .
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Theorem 3.4. D(L2) ⊂ D(DQ) with continuous embedding and the following identity holds,
for any ϕ ∈ D(L2),∫
H
ϕ(x)L2ϕ(x)µ(dx) = −12
∫
H
|DQϕ(x)|2µ(dx)
+ 1
2
∫
H
∫
U
[ϕ(x + f (x, u))− ϕ(x)]2λ(du)µ(dx). (3.6)
Proof. Let ϕ ∈ D(L2). Since EA(H) is a core forL2, there exists a sequence {ϕn}n≥1⊂ E A(H)
such that∫
H
|ϕn(x)− ϕ(x)|2µ(dx)→ 0 and
∫
H
|L0ϕn(x)−L2ϕ(x)|2µ(dx)→ 0.
By (3.1) it follows that∫
H
∣∣∣Q 12 D(ϕn(x)− ϕm(x))∣∣∣2 µ(dx)
+
∫
H
∫
U
|ϕn(x + f (x, u))− ϕn(x)− ϕm(x + f (x, u))+ ϕm(x)|2λ(du)µ(dx)
≤ 2
∫
H
|L0(ϕn(x)− ϕm(x))| |ϕn(x)− ϕm(x)|µ(dx)
≤
∫
H
|L0(ϕn(x)− ϕm(x))|2 µ(dx)+
∫
H
|ϕn(x)− ϕm(x)|2µ(dx).
This implies that the sequence
{
Q
1
2 Dϕn
}
n≥1 is a Cauchy one in L
2(H, µ,H). Since Q
1
2 D is
closable, it follows that ϕ ∈ W 1,2(H, µ) as required. 
4. Poincare´ inequality
Theorem 4.1. Suppose that K < 2λ and Q = I . For any ϕ ∈ D(DQ) =ˆ D(D), we have∫
H
|ϕ − ϕ¯|2dµ ≤ 1
2λ− K
∫
H
|Dϕ|2(x)µ(dx).
Proof. By (2.4) we have
E|ηht (x)|2 + 2E
∫ t
0
‖ηhs (x)‖2ds ≤ |h|2 + E
∫ t
0
∫
U
∣∣∣Df (Xs(x), u) · ηhs (x)∣∣∣2 λ(du)ds
≤ |h|2 + KE
∫ T
0
|ηhs (x)|2ds.
(1.1) yields that
E|ηht (x)|2 ≤ |h|2 + (K − 2λ)E
∫ T
0
|ηhs (x)|2ds.
The Gronwall inequality implies
E|ηht (x)|2 ≤ |h|2e(K−2λ)t . (4.1)
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For ϕ ∈ E A(H), (4.1) yields that, for h ∈ H and t ≥ 0,
|〈DPtϕ(x), h〉|2 ≤ E
(
|Dϕ(X t (x))|2
)
E
(
|ηht (x)|2
)
≤ E
(
|Dϕ(X t (x))|2
)
exp {(K − 2λ)t} |h|2
≤ e(K−2λ)t Pt
(
|Dϕ|2
)
(x)|h|2.
This shows
|DPtϕ(x)|2 ≤ e(K−2λ)t Pt
(
|Dϕ|2
)
(x). (4.2)
From (3.4) and (4.2), taking into account the invariance of µ, we get∫
H
|ϕ(x)− ϕ¯|2µ(dx) ≤
∫ ∞
0
∫
H
|DPsϕ(x)|2µ(dx)ds
≤
∫ ∞
0
∫
H
e(K−2λ)s Ps
(
|Dϕ|2
)
(x)µ(dx)ds
≤
∫ ∞
0
e(K−2λ)sds
∫
H
|Dϕ|2(x)µ(dx)
≤ 1
2λ− K
∫
H
|Dϕ|2(x)µ(dx).
Hence, the conclusion holds for ϕ ∈ E A(H). For ϕ ∈ D(D), we can prove the conclusion using
the density of EA(H) in D(D). 
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